Deuterons might be trapped in a bubble embryo which occur s due to statistical fluctuation in heavy water. The size of the bubble embryo is expected to be an order of a small mol e cule. The ground state energy level which the deuteron may occupy in the bubble is calculated by solving the Schroedinger e qua t ion, and by considering the interaction between the trapped deuteron by a spherical bubble and the surroundi ng polarized liquid medium (heavy water). From the dependence of the energy eige nvalue of the ground state on the bubble radius, the pressure exerted on the bubble wall is obtained. It is found that the pressure is negatively very large if the bubble radius is about the molecular size (3 to 7 A). From extrapolating this result to larger sizes, we expect that a bubble would quickly collapse if enough energy is supplied and never grows to a stable bubble when the deuteron is trapped in the ground state.
is deuterons enclosed in a small bubble. This is the motivation of the present thesis problem.
Historically, a bubble with an electron inside is found to be stable in liquid helium and has been treated theoretically and experimentally (Briscoe, Choi, and Stewart 1968; Burdick 1965 We have found that a similar calculation for an electron in a bubble is numerically much easier, so that the results for an electron is also given in this thesis for comparison.
POTENTIAL ENERGY
We assume that the bubble has a spherical shape. The potential energy V of a deuteron at ~ in a bubble surrounded by a polarizable medium can be written as
2 induced where 1/2 comes from the fact that t is the potential induced at r due to polarization charges induced by the point charge q of the deuteron. A point charge q in a bubble is depicted in 
The coefficients A and B can be found by applying the j j boundary conditions at r=a. They are given by
By solving these, we find that
The second term of Eq. (5) is due to polarization charges and is equivalent to t . In Eq.(4), this induced induced 7 potential is evaluated at the point charge q. Finally, we obtain an expression for the potential energy for the deuteron with a charge q at r--d inside the bubble. It is thus given by which can be easily obtained by an image method.
SCHROEDINGER EQUATION
The motion of a deuteron in the bubble is found by solving the time independent Schroedinger equation, 2 -11
The deuteron is located at r from the center of the bubble.
Since the electrostatic potential energy V is central and the bubble is spherical, the solution of Schroedinger equation can be expressed by a product of the radial part and a spherical hannonics (Merzbacher 1970) . The spherical hannonics is well known, therefore, we only need to be concerned with the following radial part of the Schroedinger equation.
This equation can be simplified by transfonnation,
Then, the radial equation can be written as
2µ.
We note that, for the ground state,!= o. Then the radial equation can be written simply as (15) (16)
By solving this equation, with the boundary conditions that X=O both at r=O and r=a, we can find the energy eigenvalue for the spherically symmetric state.
NUMERICAL COMPUTATION
We non-dimensionalize the radial equation Eq(17). Forl=O, it can be written as
where dimensionless parameters are defined by The series of the dimensionless potential energy v terminates at a finite term. n is set equal to 1 in the actual numerical computation in order to limit the long computing time.
The maximum error of about 3.5% occurs at about p=0.93 due to the truncation as shown in 
If p is close enough to 1, then second, and higher terms of the series expansion can be neglected, so that we have
where ao is associated with the normalization constant but not with €.
For numerical computation, the 5th-order stepsize control Runge-Kutta-Fehlberg {RKF} method (Gerald and Wheatley 1984) was used. The computer program written in True Basic is listed in APPENDIX B.
In this program, the bubble radius a, which is unity in the dimensionless expression, is divided into many small divisions, each of which may be called a step. We assume that the denominators in Eq. (26) and Eq. (27) throughout. In this way, the number of significant digits in eigenvalue was kept to be more than seven or eight in many cases. such a precision seems to be required for finding pressures exerted by the deuteron on the bubble wall.
The numerical calculation of pressure of the bubble of radius a was made by using the relation,
c5a where E(a) and E(a + oa) are the energy eigenvalues for the values of the radius a and a + oa, respectively. oa is a small change of the radius. The change oa was chosen to be Since the pressure exerted by the electron on the bubble wall is closely related to the slope of the energy profile plotted against the bubble radius, the behavior of the pressure should follow the similar profile with exhibition of a minimum at a certain bubble radius.
The behavior of the energy profile also reflects on the free energy of the system. The equilibrium condition at constant temperature is roughly given by 1st column is written in the unit of A. 2nd column is written in the unit of eV. 3rd column is written in the unit of atm.
- The equilibrium condition for a deuteron'in heavy water does not occur in practice due to another reason. The predicted stable size is too small (0.0037 1). Namely, if one deuteron is present in a practical bubble embryo, the bubble will collapse if enough energy is supplied; it will never grow to a stable 1 
LET ASM=AO*(l-R) END DEF 
1----------------------------------------------------------

!------------------------------------------------------
LET UFOl=Yl(J)+(25/216*Al+l408/2565*Cl+2197/4104*Dl-l/5 *El) LET UF02=Yl(J)+(l6/135*Al+6656/12825*Cl+28561/56430*Dl -9/50*El+2/55*Gl) LET Y2(J+l)=Y2(J)+(16/135*A2+6656/12825*C2+28561/56430 *D2-9/50*E2+2/55*G2) END SUB
